We investigate theoretically the influence on the beam quality of the short-range monopole wake fields caused by an accelerated electron beam during its penetration in the drift tube of the laser-driven radio-frequency electron gun, as measured by the whole-beam emittances: longitudinal and radial, as well as by energy loss.
Introduction
Recently, low emittance and high-brightness electron beams have been a subject of intensive study [1, 2] . This type of beam is essential for a wide range of applications such as free electron lasers (FELs), linear colliders and laser compton scattering [3] [4] [5] [6] . To meet these requirements, laserdriven photocathode radio-frequency guns (rf-gun) have been shown to be an ideal source of very high-quality electron beams [7] [8] [9] [10] . Important among the effects that cause emittance growth and energy loss are the space charge field and the electromagnetic reaction of the acceleration structure walls to the beam-generated field-that is, the so-called wake field.
Energy loss in a pill-box-type TM010 mode cavity, which is what most high-brightness guns are built around, was easily computed for an ultrarelativistic beam [11] [12] [13] [14] . Theoretical calculations have been given of the transverse emittance growth inside the photoinjector for a short beam pulse, both in the ballistic drift mode and in the presence of an rf-accelerating field [15] [16] [17] [18] . These calculations assume that the beam density is uniform and that all the electrons are moving with the same axial velocity. These assumptions may be regarded as a rather reasonable first approximation when the beam pulse is sufficiently removed from the cathode cavity. However, it is not true for the beam pulse which has just been emitted, in the 1 Author to whom any correspondence should be addressed.
cathode cavity. The emitted electrons are chiefly characterized by a fast transition, owing to strong acceleration, from the nonrelativistic to the relativistic regime. Therefore, the density is far from being uniform [19, 20] .
The state of the art in high-brightness photoinjector design has not evolved very much during the past decade. In order to obtain the desired performance from the next generation of (billion-dollar) light source facilities, including ERLs and SASE X-FELs [21, 22] , at least an order of magnitude in electron beam brightness is desirable. It is our firm belief that in order to guarantee our ability to build the types of injectors required for those experiments, we need a considerably better understanding, both on a theoretical level and from a designtool standpoint, of the beam dynamics inside high-brightness guns. Therefore, we have chosen to approach a problem which heretofore has not received as much attention as it should and which may well be critical to advancing our ability to create higher-brightness electron beam sources. We recently presented an analytical description of the wake field driven by an accelerated beam during its penetration in the drift tube of the laser driven rf-gun, that takes the effect of the acceleration into account [20] . We will use the analytical expression of the wake field map (E, B) (X, t) driven by [20] in order to study their effects on the beam quality, which is usually measured by energy dispersion and whole-beam emittances: longitudinal and radial. For a particular application we will adopt the photoinjector of the 'ELSA' facility (CEA, Bruyéres le-Châtel, France), shown in figure 1 , where g is the cavity length, r 0 and R are the hole and cavity radii, respectively.
Dynamics of electron beam

Zero-order equation of motion
The beam's velocity β(z, t) and acceleration γ (z, t) are shown to be parallel to E 0 and independent of time [19] :
with
and
where e and m are the charge and the mass of the electron, respectively; z(t) is the longitudinal coordinate of electron at time t; t z is the time at which the element of the beam at location z leaves the photocathode, c is the velocity of light. E 0 is the rf-electric field amplitude on the photoinjector cathode.
First-order equation of motion
Taking into account the wake field map (E, B) (X, t) driven by the electron beam during its penetration in the drift tube, the first-order equation of motion will be:
where E z , E r and B θ are the nonvanishing components in cylindrical coordinates of the beam-generated, time-dependent electric and magnetic wake fields, in the direction of z, r and θ, respectively. These components are obtained from the rebuilt scalar and vector potentials, and A, respectively, [20] . They had quantitatively specified the expected deep influence of the exit aperture on the wake field. In order to be as analytical as possible, we recall the results obtained previously by [20] . However, these results are given as follows:
(a) Wake field inside the cavity 1. Synchronous field
where I is the total beam current carried by the beam, a is the beam radius, τ is the time at which the whole beam is extracted from the cathode, j n is the nth zero of Bessel function J 0 , ψ(t) = sin(hz f (t)), with z f (t) are the coordinates of the beam's head and R is the part of the anode wall around the exit hall reached by the beam's exciting signal [23] .
Radiation field
where C An , C An , C n and C n are arbitrary dimensionless functions which are affected by the aperture parameter. However, these dimensionless functions are successfully calculated by [20] . 
2. Radiation field
with ω > 0 (wave propagating in the positive z direction) and i = √ −1. The unknown functions D n and D Az n , are calculated successfully by using the field continuity condition on the aperture (z = g, 0 r r 0 ) and integrating on r, in the interval 0 r r 0 as shown recently by [20] .
Definitions for the emittances
The emittances are linked to the first simplistic linear invariant by [24] :
where means an average taken over the whole beam:
here x and p are the position and momentum of the beam, respectively; f is the beam distribution function. x = x − x , p = p − p , where x and p are the beamcentre position and momentum, respectively.
As a function of the usual cartesian emittances, ε x and ε y (the transverse emittances) are given by
and ε z (the longitudinal whole-beam emittance) by
Equation (15) becomes
Since we have imposed the approximation of the analytical model in question, i.e. a purely longitudinal motion with a uniform profile [19, 20] , the beam distribution function f will be longitudinal:
In the absence of the azimuthal motion, the position and momentum spaces (x, p x ) and (y, p y ) are uncoupled. This leads to
where r and p r are the beam radial coordinate and momentum, respectively. For an axisymmetric beam, the whole-beam radial emittance is often considered, and given as
where z represents an average taken over the element z of the beam and L (τ ) is the beam length
where z f and z q are the longitudinal coordinates of the beam's head and tail, respectively. 
Energy loss
The energy loss by the electron beam is obtained by calculating the total energy transferred from the electrons to the wake fields, which superposes on the cavity accelerating field E 0 . The energy loss is given by
where ε 0 and µ 0 are the permittivity and permeability of free space, respectively, dV is the beam volume element in cylindrical coordinates.
As an approximation, the nondissipative interaction fields (forces) are excluded from equation (28).
Numerical simulation results
For our present numerical applications we chose the parameters of the 'ELSA' facility: I = 100 A, πa 2 = 1 cm 2 (a is the radius of the beam) E 0 = 30 and 10 MV m −1 , and τ = 30 ps.
The evolution of the whole-beam radial and longitudinal emittances are shown in figures 2 and 3, respectively, as a function of time t (t = t g = 250 ps corresponds to the time at which the beam head reaches the exit aperture). These figures show that the two emittances are growing, which indicate that there are nonlinear forces in both radial and axial directions. These forces arise from the space charge field and the electromagnetic reaction of the acceleration structure walls to the beam generated field-that is, the so-called wake field [19] , which takes place mainly during the extraction of the beam from the cathode and at the beginning of the beam acceleration. Figure 4 shows the evolution of the energy loss as a function of time t. This emphasizes the strong influence of the wake fields, in terms of energy loss. It is strongest in the middle of the beam and decreases towards both ends. We may restate that, while the electrons situated in the middle of the beam lose energy, the electrons situated at the beam's head and tail, respectively, gain energy, so the tail should overtake the centre and the head should dissociate itself from the beam. However, this process cannot be observed for the following reasons: first, the beam is born in an accelerated field; therefore, the velocity difference between the beam's tail, centre and head is small. Second, this process requires heavier particles like protons and a very long propagation distance in order to be achieved.
The wake fields, in fact, act to first order as a defocusing lens, the strength of which varies over beam length. The force is strongest in the middle of the beam and decreases towards both ends.
The longitudinal wake fields can affect the energy distribution of the electrons in the beam while the transverse wake fields are excited when the beam traverses the discontinuity of the accelerating structure. The fields excited by the head will kick the tail even more off axis. These phase-dependent focusing forces that electrons experience induce emittance growth. The quality of the electron beam is characterized by the emittance, which is a measure of the angular spread of the electrons. In order to minimize this effect the transverse and longitudinal beam dimensions have to be kept small. The beam length and shape can be controlled on a picosecond time scale via laser pulse, which is used to illuminate the photocathode. The emitted electrons are rapidly accelerated to relativistic energies, thus partially diluting the emittance growth due to space-charge force effects. Nevertheless, a residual emittance growth, caused by nonlinear space-charge fields arising as the beam traverses the discontinuity of the accelerating structure, can be avoided by focusing the beam as soon as feasible with a magnetic lens located at the exit of the photoinjector and before the beam enters further acceleration cavities.
Conclusion
We have chosen to approach a problem which heretofore has not received as much attention as it should, and which will be critical to advancing our ability to create higher-brightness electron beam sources. We have studied theoretically the influence of the short-range monopole wake fields driven by an accelerated electron beam during its penetration into the drift tube of the laser-driven rf-gun on the beam quality, measured by whole-beam emittances: radial and longitudinal as well as by energy loss. Numerical simulation results show the two emittances are growing. This emittance growth is attended by an energy loss, which may distort the beam quality and result in reduced FEL performance. To limit the latter, it is necessary to focus the beam as soon as possible with a magnetic lens located at the exit of the photoinjector and before the beam enters further acceleration cavities.
